Abstract. The object of the present paper is to study φ-pseudo symmetric and φ-pseudo Ricci symmetric LP-Sasakian manifolds with respect to Levi-Civita connections and quarter-symmetric non-metric connections. We obtain a necessary and sufficient condition for a φ-pseudo symmetric LP-Sasakian manifold with respect to a quarter symmetric non-metric connection to be φ-pseudo symmetric LP-Sasakian manifold with respect to a Levi-Civita connection.
Introduction
The idea of a metric connection with torsion tensor in a Riemannian manifold was introduced by Hayden [15] . Later, Yano [37] studied some properties of semi symmetric metric connections on a Riemannian manifold. The idea of a quarter-symmetric linear connection in a differentiable manifold was introduced by Golab [14] . This generalizes the idea of a semi symmetric connection. After Golab and also Rastogi [27, 28] continued the systematic study of quarter symmetric metric connections. Pandey and Mishra [20] studied quarter symmetric metric connections in Riemannian, Kaehlerian and Sasakian manifolds. In 1982, Yano and Imai [38] studied quarter-symmetric metric connections in Hermitian and Kaehlerian manifolds. Mukhopadhyay et al. [21] studied quarter-symmetric metric connections on Riemannian manifolds with an almost complex structure.
In 2003, Sengupta and Biswas [29] defined quarter-symmetric non-metric connections in a Sasakian manifold and studied their properties. In this series, properties of quarter-symmetric non-metric connections have been 152 SANTU DEY AND ARINDAM BHATTACHARYYA studied by the authors of [1, 9, 12] and many others. Recently, Chaubey and Ojha [9] defined a quarter-symmetric non-metric connection on an almost Hermite manifold. They also have studied properties of quarter-symmetric metric connections in an Einstein manifold. In [3] , Bhattacharyya and Patra studied semi-symmetric metric connections on pseudosymmetric Lorentzian α-Sasakian manifolds.
On the other hand, Matsumoto [17] introduced the notion of an LPSasakian manifold. Then Mihai and Roşca [19] introduced the same notion independently and obtained several results on this manifold. LP-Sasakian manifolds have also been studied by Mihai [19] , Singh [31] , and others.
A linear connection∇ on an n-dimensional Riemannian manifold (M n , g) is said to be a quarter-symmetric connection (see [14] ) if its torsion tensor T defined byT
is of the formT
where η is 1-form and φ is a tensor of type (1, 1) . In addition, if a quartersymmetric linear connection∇ satisfies the condition
then∇ is said to be a quarter-symmetric non-metric connection.
During the last five decades the notion of a locally symmetric manifold has been weakened by many authors in several ways to different extent such as recurrent manifolds by Walker [36] , semisymmetric manifolds by Szabó [32] , pseudosymmetric manifolds in the sense of Deszcz [11] , and pseudosymmetric manifolds in the sense of Chaki [5] . A non-flat Riemannian manifold (M n , g) (n > 2) is said to be pseudosymmetric in the sense of Chaki if it satisfies the relation
for any vector fields X, Y , Z, U , and W , where R is the Riemannian curvature tensor of the manifold, and A is a non-zero 1-form such that g(X, ρ) = A(X) for every vector field X. Such an n-dimensional manifold is denoted by (P S) n .
Every recurrent manifold is pseudosymmetric in the sense of Chaki, but not conversely. Also the pseudosymmetry in the sense of Chaki is not equivalent to that in the sense of Deszcz [11] . However, pseudosymmetry by Chaki is the pseudosymmetry by Deszcz if and only if the non-zero 1-form associated with (P S) n is closed. Pseudosymmetric manifolds in the sense of Chaki have been studied by Chaki et al. [7] ,Özen and Altay [23, 24] , Tarafdar [34, 35] , and others.
A Riemannian manifold is said to be Ricci symmetric if its Ricci tensor S of type (0, 2) satisfies ∇S = 0, where ∇ denotes the Riemannian connection. During the last five decades, the notion of a Ricci symmetry has been weakened by many authors in several ways to a different extent such as Ricci recurrent manifolds (see [25] ), Ricci semisymmetric manifolds (see [32] ), pseudo Ricci symmetric manifolds by Deszcz [10] , and pseudo Ricci symmetric manifolds by Chaki [6] .
A non-flat Riemannian manifold (M n , g) is said to be pseudo Ricci symmetric (see [6] ) if its Ricci tensor S of type (0, 2) is not identically zero and satisfies the condition
for any vector fields X, Y , Z, where A is a nowhere vanishing 1-form and ∇ denotes the operator of covariant differentiation with respect to the metric tensor g. Such an n-dimensional manifold is denoted by (P RS) n . Pseudo Ricci symmetric manifolds have been also studied by Arslan et al. [2] , Chaki and Saha [8] ,Özen [22] , and many others.
The relation (1.3) can be written as
where ρ is the vector field associated to the 1-form A such that A(X) = g(X, ρ), and Q is the Ricci operator, i.e., g(QX, Y ) = S(X, Y ) for all X, Y ∈ χ(M ), where χ(M ) is the set of all differentiable vector fields on M .
The notion of a local symmetry of Riemannian manifold has been weakened by many authors in several ways to a different extent. As a weaker version of local symmetry, Takahashi [33] introduced the notion of a local φ-symmetry on Sasakian manifolds. In the context of contact geometry the notion of φ-symmetry was introduced and studied by Boeckx et al. [4] with several examples. Also in [26] , Prakash studied concircularly φ-recurrent Kenmotsu manifolds. Shukla et al. [30] studied φ-Ricci symmetric Kenmotsu manifolds. Definition 1.1 (see [16] ). An LP-Sasakian manifold (M n , φ, ξ, η, g) (n > 2) is said to be φ-pseudosymmetric if the curvature tensor R satisfies
for any vector fields X, Y , Z, and W , where A is a non-zero 1-form. In particular, if A = 0, then the manifold is said to be φ-symmetric. Definition 1.2 (see [16] ). An LP-Sasakian manifold (M n , φ, ξ, η, g) (n > 2) is said to be φ-pseudo Ricci symmetric if the Ricci operator Q satisfies
for any vector fields X, Y , where A is a non-zero 1-form. In particular, if A = 0, then (1.5) turns into the notion of a φ-Ricci symmetric LP-Sasakian manifold.
Motivated by the above studies, the present paper deals with the study of φ-pseudo symmetric and φ-pseudo Ricci symmetric LP-Sasakian manifolds with respect to quarter symmetric non-metric connections. The paper is organized as follows. Section 2 is concerned with preliminaries. Curvature tensors of LP-Sasakian manifolds with respect to quarter-symmetric nonmetric connections have been studied in Section 3. In Section 4 we study φ-pseudo symmetric LP-Sasakian manifolds with respect to quarter symmetric non-metric connections and obtain a necessary and sufficient condition for a φ-pseudo symmetric LP-Sasakian manifold with respect to a quartersymmetric non-metric connection to be a φ-pseudo symmetric LP-Sasakian manifold with respect to a Levi-Civita connection. In Section 5 we have studied φ-pseudo Ricci symmetric LP-Sasakian manifolds with respect to quarter symmetric non-metric connections. Finally, in Section 6 we give an example of a 3-dimensional LP-Sasakian manifold with respect to a quartersymmetric non-metric connection.
Preliminaries
An n-dimensional (n = 2m + 1) differentiable manifold M n is called a Lorentzian para-Sasakian (briefly, LP-Sasakian) manifold (see [17, 18] ) if it admits a (1, 1)-tensor field φ, a contravariant vector field ξ, a 1-form η, and a Lorentzian metric g which satisfy
1)
3)
where ∇ denotes the covariant differentiation with respect to the Lorentzian metric g. It can be easily seen that in an LP-Sasakian manifold the following relations hold:
If we put
for any vector field X and Y , then the tensor field Φ(X, Y ) is a symmetric (0, 2)-tensor field (see [17] ) and β=trace Φ. Since the 1-form η is closed in the LP-Sasakian manifold, we have (see [17] )
In an LP-Sasakian manifold, also the following relations hold (see [18] ):
where Q is the Ricci operator, i.e.,
and r is the scalar curvature with respect to the connection ∇. Moreover,
and
for any vector fields X, Y , and Z, where R and S are the Riemannian curvature tensor and the Ricci tensor of the manifold, respectively.
Curvature tensors of LP-Sasakian manifolds with respect to quarter-symmetric non-metric connections
In this section we expressR(X, Y )Z, the curvature tensor with respect to a quarter-symmetric non-metric connection, in terms of R(X, Y )Z, the curvature tensor with respect to a Riemannian connection.
Here we consider a quarter symmetric non metric connection∇ and a Levi-Civita connection ∇ on an LP-Sasakian manifold. The relation between them is given by∇
Using (3.1), we have
The relation betweenR(X, Y )Z and R(X, Y )Z is also given bỹ
Contracting (3.3) with respect to X, we get
whereS and S are the Ricci tensors of M n with respect to the quarter symmetric non metric connection∇ and the Levi-Civita connection ∇, respectively. Also,S (X, ξ) = 2S(X, ξ) = 2(n − 1)η(X). (3.8)
From (3.7) we haver = r, wherer and r are the scalar curvatures with respect to the quarter symmetric non-metric connection and the Levi-Civita connection, respectively. Now, using (2.1)−(2.3), (2.5), (2.6), and (3.4), we get
Again from (2.6) and (3.4), we have
In the next sections we will apply the above relations.
φ-pseudo symmetric LP-Sasakian manifolds with respect to quarter-symmetric non-metric connections
Definition 4.1. An LP-Sasakian manifold (M n , φ, ξ, η, g) (n > 2) is said to be φ-pseudo symmetric with respect to a quarter symmetric non-metric connection if the curvature tensorR satisfies
for any vector fields X, Y , Z, and W , where A is a non-zero 1-form. Now using (2.2) in (4.1), we have
This shows that
Let {e i : i = 1, 2, ..., n} be an orthonormal basis of the tangent space at any point of the manifold. Setting X = U = e i in (4.3) and taking summation over i, 1 ≤ i ≤ n, and then using (2.1), (2.3), and (2.5) in (4.3), we obtain
Because of (2.7), (3.9) and (3.10), we obtain
By virtue of (4.5) it follows from (4.4) that
So, we have the following theorem.
Theorem 4.1. A φ-pseudo symmetric LP-Sasakian manifold with respect to a quarter-symmetric non-metric connection is pseudo Ricci symmetric with respect to a quarter symmetric non-metric connection if and only if
Setting Z = ξ in (4.4) and using (4.5), we get
We know that
Thus, using (2.4), (2.9), (3.1), and (3.7) in (4.7), we get
In view of (3.4)−(3.8) and (4.8), we have from (4.6) that
That is,
(4.9)
Contracting (4.9) over Y and W , we obtain
This leads to the following result.
Theorem 4.2. In a φ-pseudo symmetric LP-Sasakian manifold with respect to a quarter-symmetric non-metric connection, the Ricci tensor and the scalar curvature are, respectively, given by (4.9) and (4.10).
Using (3.10) in (4.2), we get
In view of (3.3) and (3.9), it follows from (4.11) that 
By virtue of (2.1)-(2.3) and the relation 
holds for arbitrary vector fields X, Y , Z and W .
φ-pseudo Ricci symmetric LP-Sasakian manifolds with
respect to quarter-symmetric non-metric connections Definition 5.
1. An LP-Sasakian manifold (M n , φ, ξ, η, g) (n > 2) is said to be φ-pseudo Ricci symmetric with respect to a quarter symmetric nonmetric connection if the Ricci tensorS satisfies
for any vector fields X, Y , where A is a non-zero 1-form. In particular, if A = 0, then (5.1) turns into the notion of a φ-Ricci symmetric LP-Sasakian manifold with respect to quarter-symmetric non-metric connection.
Let us take LP-Sasakian manifold (M n , φ, ξ, η, g) (n > 2) which is φ-pseudo Ricci symmetric with respect to quarter symmetric non-metric connection. Then by virtue of (2.2) it follows from (5.1) that
Putting Y = ξ in (5.2) and using (2.4), (2.9), (3.1), (3.7) and (3.8), we get This leads to the following theorem.
Theorem 5.1. In a φ-pseudo Ricci symmetric LP-Sasakian manifold admitting a quarter symmetric non-metric connection, the Ricci tensor is of the form (5.4).
6. Example of a 3-dimensional LP-Sasakian manifold with respect to a quarter-symmetric non-metric connection
We consider a 3-dimensional manifold M = {(x, y, z) ∈ R 3 }, where (x, y, z) are the standard coordinates of R 3 . Let e 1 , e 2 , e 3 be the vector fields on M 3 given by e 1 = −2 ∂ ∂x + 2y ∂ ∂z , e 2 = ∂ ∂y , e 3 = ∂ ∂z .
Clearly, {e 1 , e 2 , e 3 } is a set of linearly independent vectors for each point of M and hence a basis of χ(M ). The Lorentzian metric g is defined by
g(e 1 , e 2 ) = g(e 2 , e 3 ) = g(e 1 , e 3 ) = 0, g(e 1 , e 1 ) = 1, g(e 2 , e 2 ) = 1, g(e 3 , e 3 ) = −1. Let η be the 1-form defined by η(Z) = g(Z, e 3 ) for any Z ∈ χ(M ). The (1, 1)-tensor field φ is defined by φe 1 = e 2 , φe 2 = e 1 , φe 3 = 0.
From the linearity of φ and g, we have η(e 3 ) = −1, φ 2 X = X + η(X)e 3 , and g(φX, φY ) = g(X, Y ) + η(X)η(Y ) for any X ∈ χ(M ). Then, for e 3 = ξ, the structure (φ, ξ, η, g) defines a Lorentzian paracontact structure on M .
Let ∇ be the Levi-Civita connection with respect to the Lorentzian metric g. Then we have 
